Chern-Simons theory for non-Abelian gauge groups is analyzed from a perturbative point of view. Using a gauge invariant regularization based on higher derivatives and Pauli-Villars it is shown that the theory is finite at one loop, and that quantum corrections lead to a one-loop effective action consisting of a Chern-Simons term in which the parameter k is shifted to k → k + c v , where c v is the quadratic Casimir in the adjoint representation of the gauge group.
Introduction
A year ago [1] Witten showed how the Topological Chern-Simons Theory (TSCT) provides a powerful tool to define and study knot and link invariants in arbitrary threemanifolds, and at the same time how it can be used to explain and organize many of the properties of two-dimensional Conformal Field Theory. The detailed exploration of the ideas and results in [1] has been started in some recent work [2, 3, 4] . One of the features in the analysis presented in [1] is that the integer parameter k of the TCST appears to be shifted by k → k + c v where c v is the quadratic Casimir in the adjoint representation. Witten's computation is based on the large k (classical) limit of the theory, where the contribution to the imaginary part of the effective action reduces to the evaluation of the phase of a ratio of determinants, and it corresponds to a ChernSimons action where the parameter k is shifted as above. This calculation indicates that the source of the shift is a quantum correction linked to local gauge invariance.
The operator formalism construction carried out in [2] also shows that the origin of the shift in k for the observables and states of the theory is a quantum correction. In [2] the analysis is carried out in a non-covariant gauge and the source of the shift is traced back to a contribution from the integration measure which is invariant under residual gauge transformations. In both [1] and [2] it is crucial to keep gauge invariance in the regularized intermediate form of the theory to obtain the shift. The analysis in [2] also indicates that the shift has a local origin and therefore one should be able to obtain it from a treatment of TCST using perturbation theory.
Other works carrying out the explicit connection [3] between Chern-Simons theory and two-dimensional conformal field theories are rather unsatisfactory in explaining the origin of the shift. Typically, in these works the shift is introduced either by hand or by performing a subtraction which seems to us rather artificial.
Several perturbation theory studies of Chern-Simons theory [4, 5] have been carried out recently, and they fail to observe quantum corrections for the gauge-field two-and three-point functions, which does not agree with [1, 2] . One of the reasons for the interest in the perturbative evaluation of Wilson-line expectation values in this theory is (as pointed out in [4] ) to obtain generalizations of Gauss' integral representation for the linking number to the invariants appearing as the coefficients of the Jones polynomials [6] . In this note we analyze Chern-Simons perturbation theory and we provide a gaugeinvariant regularization. Dimensional regularization cannot be used safely for the case of Chern-Simons due to the presence of the volume form ε µνρ . We will use a mixed regularization which employs higher covariant derivatives and Pauli-Villars. This procedure has been widely used for Yang-Mills theories in four dimensions [7] . As in any gauge theory with dimensionless coupling constant, higher covariant derivatives are enough to regularize all but one-loop contributions. At one loop one must supplement the regularization with the introduction of Pauli-Villars massive fields. These fields must be introduced in such a way that gauge invariance is maintained. This last fundamental point is where the kind of Pauli-Villars regularization used in [4] fails. Our guiding principle all along will be the preservation of gauge invariance in the regularized theory.
We should clarify what we mean by a perturbative analysis of the Chern-Simons theory. If one insists only in considering the Feynman rules for the theory, and one implements the standard rules of renormalized perturbation theory, one has to include all possible local counterterms consistent with power counting and gauge invariance, and this blurs the origin of the shift in k. The perturbative analysis is not sensitive to the integrality of k . One has to be precise about the choice of a 'renormalization point' even though the theory is finite. Since we will work out the effective action only to one loop, we can explain our conventions by considering the effective action of a fermion in the presence of some external gauge field. In this case the effective action reduces to the evaluation of
This computation requires a regularization procedure. If we choose a gauge-invariant Pauli-Villars regulator, (1.1) is defined as: 2) where i are signs, and the masses M i are chosen to render the expression finite. In the case of the Chern-Simons theory the computation is virtually the same with the exception that the Dirac operator D / is replaced by a different first-order operator. The quantity of interest is actually the imaginary part of (1.2), Im Γ reg [A] . Since (1.2) is formally analytic in A, we can Taylor expand (1.2) about A = 0, and it is in this sense that we define the perturbative computation of the one-loop effective action: the sum of the one-loop diagrams should reproduce the logarithm of the product of determinants in (1.2). This prescription is also quite natural from the functional integral point of view. Notice that by power counting the only potentially divergent diagrams are in the two-and three-point functions. The one-loop corrections to higher n-point functions
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-3 -are ultraviolet finite, and therefore the difference in the various renormalization schemes have to be found in the evaluation of the two-and three-point functions.
The paper is organized as follows. In sect. 2 we carry out a power-counting analysis of perturbative Chern-Simons theory. This will lead us to find out the kind of higher derivative terms which need to be considered and, after introducing the Pauli-Villars fields, to write down the gauge-invariant regularized generating functional. In sect. 3 the explicit computation of all one-, two-and three-point functions at one loop is performed. Quantum corrections are obtained in agreement with previous gaugeinvariant studies [1, 2] . In sect. 4 we state our conclusions. Finally, an Appendix has been added which conveniently compiles standard formulae utilized in the one-loop computations.
Perturbative Chern-Simons Theory
In this section we will define perturbative Chern-Simons theory and we will construct its gauge-invariant regularized form. Let us consider an SU (N ) gauge connection A µ on a boundaryless three-dimensional manifold M and the following Chern-Simons action:
where k is an arbitrary integer (which we will assume positive) and 'Tr' denotes the trace in the fundamental representation of SU (N ). The aim of this note is to define from a perturbative point of view the following Feynman path integral:
where it is understood that the integration is performed over gauge orbits, i.e., over gauge connections modulo gauge transformations. The reason for this is that the exponential in (2.2) is invariant under gauge transformations of the form [8] :
where h is an arbitrary continuous map h : M → SU (N ). From (2.1) it is rather clear that the natural coupling constant of the theory which one would have to consider to define (2.2) from a perturbative point of view is:
Actually, for a perturbative analysis it is more convenient to rescale fields in such a way that this coupling constant appears in the three-vertex of the theory. Rescaling the gauge field by
the Chern-Simons action (2.1) becomes:
This form of the action has the standard 
Since the main purpose of this paper is to study the perturbation-theory series associated to (2.2), we will consider the simplest case in which the manifold M is R 3 . In what follows it will be understood that all the space-time integrations are performed on R 3 endowed with a Minkowskian metric g µν which in our conventions has signature (1, −1, −1).
The Gauge-Fixed Action
The first important issue regarding the computation of (2.2) concerns its gauge fixing. We choose a Lorentz gauge in which ∂ µ A µ = 0. The standard Faddeev-Popov construction leads us to consider the following gauge-fixed Feynman path integral:
where
In S gf (A µ , c,c, φ), φ is a Lagrange multiplier which imposes the gauge condition, c and c are anticommuting Faddeev-Popov ghosts and λ is a gauge-fixing parameter. Now the functional integral in (2.7) must be done over all A µ configurations and not only over gauge orbits as in (2.2). As a result of the gauge fixing, the exponent in (2.7) is invariant under the following set of BRST transformations:
Notice that these transformations are such that δ 2 = 0 and S gf (A µ , c,c, φ) is δ-exact. These BRST transformations are rather useful to derive Ward identities between the Green functions of the theory. Actually, they represent the role of gauge invariance for the gauge fixed theory. In other words, the gauge symmetry of the theory implies certain relations among the Green functions of the theory. When the gauge is fixed to perform the Feynman-path integral this relation becomes in general gauge dependent.
The BRST symmetry provides a very useful device to keep track of those symmetry relations.
The field φ can be integrated out by performing a Gaussian integration in (2.7). One finds, up to an irrelevant multiplicative factor:
The functional integral (2.10) contains the quantum corrections to the effective action. This functional integral is formally BRST invariant under the transformations (2.9). The expansion of (2.10) in powers of g leads to its perturbation-theory series which contains divergent terms. Since the coupling constant g is dimensionless, the theory is, however, renormalizable. If it were not for the appearance of these divergences, the formal BRST invariance of (2.10) would imply the Ward identities among their Green functions. To make sense of (2.10) we must regularize its perturbation-theory series. To achieve this regularization one must provide a prescription which involves a cutoff Λ in such a way that all terms of the perturbation-theory series are made finite. Then the cutoff is removed by taking the Λ → ∞ limit and the remaining regularized theory is renormalized: counterterms are added to the original Lagrangian in such a way that the infinities appearing in the Λ → ∞ limit are removed and a renormalization point is chosen. This is the general procedure for renormalizable theories. It may happen, however, that after taking the Λ → ∞ limit in the regularized theory one obtains a finite quantity. In these cases the theory is called finite and there is no need for renormalization. The case of Chern-Simons theory is believed to belong to the category of finite theories. We will show that to be the case at least at one loop. We will choose a regularization that preserves the BRST invariance of the theory. Since the theory is finite, this automatically leads to Green functions which satisfy the Ward identities of the theory.
Higher-Derivative Regularization
In a theory containing the ε µνρ symbol, like the case of Chern-Simons, dimensional regularization is problematic. We will not use it in this work. Another regularization which preserves gauge invariance consists of the introduction in (2.10) of higher covariant derivative interactions. Higher derivatives improve the behaviour of propagators at large momentum, rendering the theory less divergent. The cost of achieving gauge invariance is the appearance of new vertices in the theory. For the case at hand, the introduction of higher derivative terms leads only to a partial regularization. It does not solve the problem completely but reduces it to the problem of regularizing a superrenormalizable theory, i.e., a theory with only a finite number of divergent diagrams. Our choice of regularization will consist of the introduction of higher covariant derivative terms in the Lagrangian which will make all diagrams finite except for some one-loop diagrams. For these diagrams we will use a Pauli-Villars procedure. Of course, all along, our guiding principle will be to obtain a regularized theory which preserves BRST invariance.
Before entering into the details of the regularization let us perform a power-counting analysis of the Chern-Simons perturbation-theory series. For this purpose let us consider the gauge-fixed action (2.11). The action (2.11) contains two kinetic terms which lead to the following propagators in momentum space. For the gauge field,
while for the ghost field,
For large momentum these propagators behave as p −1 and p −2 respectively. The action (2.11) contains in addition two three-vertices, one of the type AAA with no momentum insertion, and another one of the typeccA which is linear in momentum. Let us denote by ω(G) the superficial degree of divergence of a diagram G. If the diagram G contains I A internal gauge-field lines, I c internal ghosts lines and V vertices, each one containing a momentum insertion of power δ v , we have,
where L denotes the number of loops of diagram G. Using the fact that
being the number of gauge field lines (ghost lines) entering the vertex v, and E A (E c ) is the number of gauge field (ghost) external lines of diagram G. For Chern-Simons theory ω = 3 for the two types of vertices and so we obtain the simple result, typical of a renormalizable theory like the one at hand, that the superficial degree of divergence associated to the diagram G is simply
However, they are superficially divergent to any loop order.
Our next task is to add higher covariant derivative terms to the action (2.11) in such a way that the theory becomes regularized to all except one loop. The first obvious candidate consists of adding a term proportional to the square of the field strength:
where Λ is a cutoff with dimensions of mass. This term certainly preserves the BRST invariance of the theory. The resulting new gauge field propagator has a better ultraviolet behaviour. For large momentum it behaves like p −2 so we gain one power with respect to the non-regularized case. However, the cost of maintaining gauge invariance is the appearance of new vertices which make the ultraviolet behaviour not so good as one would expect with such a modification of the propagator. Now, for example, there are three-vertices for the gauge field which have δ v = 1. Let us carry out the power-counting analysis for this situation. Following the same steps as before it is rather simple to obtain that for a diagram G,
where now
A quick look at the form of the three-and fourpoint vertices shows that now ω v − 3 takes the values − 1 2 and −1 respectively. From this fact and (2.17), it follows that all three-and higher-loop diagrams are superficially convergent. However, all the two-loop diagrams corresponding to the gauge-field two-point function and the ghost-field two-point function are logarithmically divergent (ω(G) = 0). At one loop these two types of two-point functions are linearly divergent (ω(G) = 1). In addition the gauge-field and the ghost-ghost-gauge field three-point functions at one loop are also logarithmically divergent (ω(G) = 0). Power counting provides us with the superficial degree of divergence of a given diagram. This does not mean that the diagram is necessarily divergent. There may be fortuitous arrangements of momenta in the numerators which lower the degree of divergence. However, in the case at hand one can verify that there are indeed two-loop graphs which are logarithmically divergent.
The simple regulator (2.16) does not render the theory regularized to all except to one loop. We may try the next simplest higher derivative term and carry out the corresponding power-counting analysis. The simplest choice that might improve the convergence consists of a term of the form
However, a similar
analysis to the one above shows that this term does not make all the two-loop diagrams convergent. The introduction of one more derivative satisfies our purposes. Indeed, adding the term
to the action (2.11) one finds that all but one-loop diagrams are regularized. The new propagator has an ultraviolet behaviour which goes as p −4 . However, now there are three-vertices which are cubic in momenta. A power-counting analysis similar to the one above shows that the superficial degree of divergence of a diagram G is 2 and −6 for the three-, four-, five-and six-point vertices respectively. A quick look shows that all except the one-, two-and three-point gauge field Green functions at one loop are convergent. These one-loop divergent diagrams have the same superficial degree of divergence that they had in the first place. In fact it is rather simple to convince oneself that no matter how high the derivatives of the added term are, as long as they are covariant, the superficial degree of divergence for those one-loop diagrams does not improve. We need to supplement the regularization prescription with something else which maintains BRST invariance and renders these one-loop diagrams regularized. This is reminiscent of what occurs in Yang-Mills in four dimensions when a higher derivative regulator is employed to regularize the theory. There, a kind of Pauli-Villars prescription works successfully. We will implement a similar procedure for ChernSimons.
Pauli-Villars Regularization
So far we have managed to regularize the theory adding higher derivative terms to the action (2.11) for all diagrams but one-loop diagrams with one, two and three external gauge fields. To regularize these diagrams we will introduce a regularization prescription of the Pauli-Villars type which preserves gauge invariance. The PauliVillars procedure consists of adding to each one-loop diagram other diagrams in which the internal line is due to additional massive fields. To ensure that the internal lines due to these extra fields provide contributions with the same structure (modulo masses) as the ones in the original action I + I Λ (see (2.11) and (2.18)) one introduces similar couplings of the extra fields to the gauge field A µ . This is easily achieved by considering 
and
where M j and m i are masses whose values will be fixed to make the one-loop contributions convergent. By definiteness we take all masses to be positive. Both determinants are invariant under BRST transformations of the type (2.9) (actually gauge invariant since they depend only on the field A µ ). The argument to show this is the following.
The extra terms originated under the transformation (2.9) of the gauge field A µ are easily cancelled by making a change of integration fields which modify them covariantly.
In other words, we may define the BRST transformations of the integration fields as: managed to construct a gauge invariant regularized theory. Actually, the renormalization of two and higher loops requires the introduction of sources for the extra fields to be able to handle the overlapping divergences. However, in a finite theory, as the one at hand will turn out to be, this technical subtlety does not play any role and (2.23) constitutes the fully gauge-invariant regularized generating functional. In the next section we will carry out the computation of these coefficients and masses and we will obtain all the one-loop one-, two-and three-point Green functions. We will find that the theory is finite to that order.
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Quantum Corrections at One Loop
In this section we will compute all the one-, two-and three-point functions corresponding to the generating functional (2.23) at one loop. We will find out the coeffi- 
while for c (i) andc (i) :
Notice the peculiar form of the propagator of the field A (j)
µ . The fact that the mass M j appears in a numerator and in a denominator complicates considerably the analysis of the one-loop contributions. However, as is shown below, there is a perfect matching of the resulting terms and the contributions from the fields c (i) andc (i) covariantly coupled to the gauge field A µ which makes the theory finite once it is regularized.
All one-loop one-point functions are trivially zero.
One-Loop Two-Point Functions
The one-loop Feynman diagrams corresponding to two-point functions are depicted in Fig. 2 . For the gauge-field two-point function Π 
3) where
The conventions ε µνρ ε ρ στ = g µσ g ντ − g µτ g νσ and c,d f acd f bcd = c v δ ab (where c v = N for SU (N )) have been used to obtain this equation from the Feynman rules in Fig. 1 . The term in (3.3) with massless denominators corresponds to diagram a of Fig. 2 . It is linearly divergent in the ultraviolet region. Our aim is to regulate this diagram by adding the contribution of diagram b of Fig. 2 which is just the second term in (3.3). We must find the coefficients b j and the masses M j which make (3.3) convergent. Notice that the second term of (3.3) is at most linearly divergent. All the potentially higher divergent terms appearing after writing down the contributions using the Feynman rules in Fig. 1 have cancelled out. The integral (3.3) becomes convergent if the following conditions are satisfied:
Notice the fact that contrary to the ordinary case in Pauli-Villars regularization, the sum of the coefficients b j must be 1 and not −1. The reason for this is that due to the form of the massive propagator (3.1) there are mixed terms independent of M j which modify the ultraviolet behaviour of the diagram. This is the first of a series of remarkable facts occurring in perturbative Chern-Simons theory . The resulting convergent integral can be carried out using standard Feynman integral techniques. The relevant equations have been conveniently compiled in the appendix. Using (3.5) one obtains in the large M j limit:
where:
It is worth commenting on how (3.6) is obtained from (3.3) to see the origin of each term. P (a,b)µν ab (p) in (3.6) is just the first term of (3.3) plus the contribution from the part of the second term of (3.3) containing Q µν (p, q) and 2M 2 j g µν . We will not carry out the Feynman integral for these terms. We leave them as they are because they have the same structure as the regularized ghost contribution (diagrams c, d and 
. Let us consider now the part containing ε µρν ip ρ k(k − p)/M j in the second term of (3.3) . Performing a similar analysis to the previous one we may write this contribution as:
The first term vanishes in virtue of the second equation of (3.5). The other term contains a convergent Feynman integral and gives a finite contribution in the limit
Notice that since the numerators in (3.8) and (3.9) have a polynomial in k of the same degree, the fact that (3.8) goes like M −1 j in the limit M j → ∞ implies that there are terms independent of M j in (3.9). Indeed using eq. (A5) in the Appendix one finds that in the large M j limit there may be contributions only from the terms M 4 j k 2 and −2M 2 j k 2 k 2 in the numerator of the second term in (3.9). The corresponding integrals have been evaluated in the Appendix. From (A6) and (A7) it follows that the term left over from (3.9) is:
where in the last step we have used the first equation in (3.5).
The part of the second term of (3.3) containing −M j ε µρν ip ρ is easily computed utilizing eq. (A4) in the Appendix. One finds that in the limit M j → ∞ there is a contribution of the form
where, again, (3.5) has been used. The contributions (3.10) and (3.11) add up to give the second term of (3.6). Notice the fact that J j=1 b j = 1 is observable in the sense that it provides a multiplicative factor to the quantum correction reflected in the second term of (3.6), which is the only survivor after the ghost diagrams are taken into account.
Let us now consider the diagrams due to ghost insertions contributing to the gauge field two-point function. The sum of diagrams c, d and e of Fig. 2 takes the form:
The first term corresponds to diagram c of Fig. 2 while the second term is originated from diagrams d and e. Notice the minus sign in front of the whole expression. This sign is due to the fact that the loop corresponds to ghost fields. The Feynman integral (3.12) becomes convergent if the coefficients c i satisfy the following condition:
It is now rather simple to verify that if the ghost masses m i and the coefficients c i are chosen in such a way that I = J and
the regularized ghost contribution (3.12) cancels against the part containing P 
-17 -in (3.6). Therefore, all dependence on the regularizing masses disappears and one obtains for the total one-loop gauge-field two-point function:
Notice that there is no need for renormalization. All dependence on the regularizing parameters, i.e., the masses M j and m i drop. This means that the theory is finite at least at the level studied so far. Using (2.4) this implies that the inverse of the full gauge-field propagator of the theory at one loop is
and therefore after rescaling back according to (2.5) one finds that, as far as the quadratic part of the Chern-Simons action (2.1) is concerned, the effect of the one-
To complete the analysis of all two-point functions we must consider now the one corresponding to the ghost field. The only contribution comes from diagram f of Fig.   2 . Carrying out the tensor algebra in the numerator one finds that this contribution vanishes. This result shows that the Ward identity between the ghost-field two-point function and the gauge-field two-point function claimed in [5, 9] in the Landau gauge does not hold at one loop. In fact, this is expected. It is rather simple to verify that the symmetry in which such a Ward identity is based upon does not hold for the regularized generating functional (2.23). It seems that there is no gauge invariant regularization which preserves such a symmetry.
One-loop Three-Point Functions
The one-loop Feynman diagrams corresponding to three-point functions are depicted in Fig. 3 . This result is the expected one on the basis of gauge invariance. The gauge-field vertex at one loop turns out to be, using (3.20) and (2.4):
which is in perfect agreement with the result (3.16) for the inverse of the gauge-field propagator to obtain a one-loop effective action which is gauge invariant. In fact, rescaling fields back according to (2.5) one finds that the effective action Γ[A µ ] associated to the generating functional (2.23) at one loop, up to terms cubic in the gauge field, is: 22) i.e., the Chern-Simons action (2.1) gets a quantum correction which corresponds to a shift of the parameter k into k + c v .
To finish the analysis of the three-point functions let us consider the ghost-gaugefield three-point function at one loop. The diagrams contributing to this Green function are f and g in Fig. 3 . Both diagrams, although superficially logarithmically divergent are in fact convergent. After working out the tensor algebra of the numerators it turns out that their sum is zero.
We have verified that for all one-loop diagrams with four or more external gauge fields the contribution from the Pauli-Villars fields vanishes in the limit M j → ∞. All other diagrams contributing to these Green functions are convergent and presumably there is a cancellation between gauge-field and ghost-field contributions similar to the one observed for the gauge-field two and three-point functions. If this is the case (3.22) will be the full one-loop effective action.
Conclusions
Our conclusions can be very simply stated. We find that Pauli-Villars masses may be chosen in such a way that the theory is finite at one loop. There is no need for renormalization and therefore the theory remains scale-independent at one loop.
Quantum corrections at one-loop have been obtained for the gauge-field two-and threepoint functions. These corrections can be simply summarized by stating that the effective action at one loop up to terms cubic in the gauge field is a Chern-Simons action where the parameter k is shifted to k → k + c v , in agreement with [1, 2] . The discrepancy with refs. [4, 5] regarding the shift may be analogous to the perturbative analysis of the parity anomaly for three-dimensional fermions coupled to external gauge fields [10] . If the theory is regularized maintaining gauge invariance the parity anomaly is obtained.
Another issue of interest is the non-renormalization of k + c v in higher-loop diagrams. Since the higher derivative term (2.18) is parity conserving and the one-loop diagrams are finite, one should not expect to find any extra corrections in higher orders of perturbation theory or any subtleties due to overlapping divergences. However, a complete perturbative proof is not yet available.
